Abstract In this article we introduce new classes of life distributions namely harmonic new better (worse) than used in expectation after specific age t 0 HNBUE 
Introduction
There are many situations in real life where the phenomena needs to be studied after time t 0 . For example, before the appearance of a disease there may exist an incubation period t 0 , during which the disease is unobservable. Concepts of aging play an important role in theory of reliability, life testing, survival analysis and other related fields. For example Barlow and Proschan [1] , Deshpand et al. [2] and Cao and Wang [3] , gave definitions of several classes of distributions, NBU, NBU (2) and NBUE. Rolski [4] introduced the HNBUE (harmonic new better than used in expectation) class, subsequently the HNBUE has been studied from many points of view by Klefsjo [5] and Basu and Kirmani [6] . Testing exponentiality vs. the classes of life distributions has been a good deal of attention. For testing against IFR class we refer to Barlow and Proschan [1] and Ahmed [7] . For testing IFRA we refer to Ahmed [8] and Deshpande [9] , while testing vs. NBU are discussed by Hollander and Proschan [10] , Koul [11] , Kumazawa [12] and Ahmed [8] . Mahmoud et al. [13] [14] [15] for NRBU, RNBU and HNRBUE classes. Testing vs. NBUL are discussed by Diab et al. [16] and Diab [17] . Hollander and Proschan [18] , Koul and Susarla [19] , Klefsjoe [20] and Borges et al. [21] for (NBUE) class. Finally testing vs. HNBUE can be found in the work of Klefsjoe [20] , Basu and Ebrahim [22] , Ahmed [23] and Hendi et al. [24] .
Statisticians and reliability analysts studied some aging classes of life distributions at specific age from various points of view. For more details we refer to Hollander et al. [25] , Ebrahimi and Habbibullah [26] , Ahmed [27] and Pandit and Anuradha [28] for NBU À t 0 , Zehui and Xiaohu [29] for IFRA * t 0 and NBU * t 0 and Elbatal [30] for NBUC À t 0 and NBU(2) À t 0 .
In this article we introduce a new class of life distribution namely HNBUE * t 0 , and its dual class HNWUE * t 0 , which is the generalization of HNBUE (HNWUE) class of life distribution.
Let X be a random variable having distribution function F and l ¼ R 1
0
FðxÞdx < 1, where F denotes the survival function 1 À F. Definition 1.1. X is harmonic new better than used in expectation (denoted by X 2 HNBUE) if
ð1:1Þ Definition 1.2. X is harmonic new better than used in expectation after specific age t 0 (denoted by X 2 HNBUE
Àt=l for all t P t 0 P 0: ð1:2Þ 
And therefore:
Since F 1 is HNBUE * t 0 then 
Therefore:
Since F a is HNBUE * t 0 then
The following theorem is presented to show that HNWUE * t 0 class is preserved under mixture. The following example illustrates that the HNBUE * t 0 class is not preserved under mixing.
It follows that both F 1 and F 2 are HNBUE * t 0 but F is not HNBUE * t 0 .
Homogeneous Poisson shock model
Suppose that a device is subjected to sequence shocks occurring randomly in the time according to a Poisson process with constant intensity k. Suppose further that the device has probability p k of surviving the first k shocks, where 
where m is the mean of the discrete distribution p k . It must be shown that
HðxÞdx:
Upon using (2.3), we get
Integrating by parts yields and since this measure is scale invariant then without loss of generality we can take l = 1 and F 0 (t) = 1 À e Àt . The following lemma is essential for the development of our test statistic.
Lemma 3.1. Let X be a HNBUE*t 0 random variable with distribution function F then
Proof 6. Note that
and
One can notice that the value of D under H 0 equals f, where
So, consider d = D À f, then d can be written in the following form Based on a random sample X 1 , X 2 , X 3 , . . ., X n from a distribution F an unbiased estimate of d is given bŷ
:
ð3:2Þ
To find the limiting distribution ofd n we resort to the U-statistic theory (cf. [34] ). Set
Thus, the variance is Theorem 3.1.
(i) As n ! 1; ffiffi ffi n p ðd n À dÞ $ N ð0; r 2 Þ, where
(ii) Under H 0 the variance is reduced to r 2 0 in (3.3).
The Pitman Asymptotic Efficiency (PAE) of d
To asses how good this procedure is relative to others in the literature we evaluate its Pittman asymptotic efficiency (PAE) for two alternatives in the class HNBUE * t 0 , these are:
1. Linear failure rate family (LFR):
Weibull family:
The PAE is defined by
It is easy to prove that We compare the above procedure at t 0 = 1.3 to that of Hollander and Proschan [18] and Ahmad et al. [35] , and the results are shown in Table 3 .1. Table 3 .1 shows that our test outperforms the others tests for the two alternatives.
Monte Carlo null distribution critical points
Many practitioners, such as applied statisticians, and reliability analysts are interested in simulated percentiles. Table 3 .2 gives these percentile points of the statisticd n given in (3.2) at t 0 = 1.3 and the calculations are based on 1000 simulated samples of sizes n = 2(1)50. Table 3 .3 shows the power estimates of the test statisticd n given in (3.2) at the significant level 0.05 using LFR and Weibull distributions. The estimates are based on 1000 simulated samples for sizes n = 10, 20 and 30.
The power estimates
From Table 3 .3 we can show that our test has very good power.
Applications
Here, we will present real examples to elucidate the applications of our test at 95% confidence level. It was found thatd n ¼ À0:141 and this value less than the tabulated critical value in Table 3 It was found thatd n ¼ 0:0697 which is greater than the tabulated critical value in Table 3 .2.Then we conclude that this data set has HNBUE * t 0 property. 
